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Floquet theory for short laser pulses
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Abstract. We develop adiabatic perturbation theory for quantum systems responding to short laser pulses,
with or without a frequency chirp. Our approach rests on lifting the time-dependent Schrödinger equation
to an extended Hilbert space, then applying standard perturbational techniques to Floquet states in this
extended space, and finally projecting back to the physical Hilbert space. The same strategy also allows us
to construct superadiabatic bases for monitoring the quantum evolution in the course of a pulse. These bases
provide a diagnostic tool for improving the efficiency of pulse-induced population transfer. The formalism
is applied to the selective excitation of molecular vibrational states by chirped laser pulses, which exploit
either successive single-photon resonances or a multiphoton resonance, and by a STIRAP-like process.

PACS. 42.50.Hz Strong-field excitation of optical transitions in quantum systems; multi-photon processes;
dynamic Stark shift – 32.80.Bx Level crossing and optical pumping – 03.65.-w Quantum mechanics

1 Introduction

Laser pulses with well-controlled temporal characteristics
of amplitude and frequency have a high potential for se-
lective manipulation of the internal state of atoms and
molecules [1]. The theoretical analysis of such processes is
quite demanding, since it requires the solution of the time-
dependent Schrödinger equation for systems with several
variable or adjustable parameters. Provided the pulse’s
envelope and frequency do not vary too rapidly, adiabatic
techniques are of great value. However, an adiabatic ana-
lysis should be accompanied by the description of non-
adiabatic processes that occur inevitably when the pulses
are short.

In the present paper we develop such an adiabatic de-
scription of laser-pulsed N -level systems, based on the
adiabatic response of Floquet states. We start in Sec-
tion 2 by formulating the adiabatic principle for Floquet
states, in a manner that is particularly useful when the
laser frequency is chirped. This yields the necessary pre-
requisites for Section 3, where we quantify the deviations
from the ideal adiabatic behavior by elaborating and test-
ing adiabatic perturbation theory for Floquet states, and
the Landau-Zener description of multiphoton transitions
among Floquet states. An appealing way of investigating
quantum evolution beyond the adiabatic limit, relying on
the use of superadiabatic bases, is adapted to the Floquet
picture in Section 4. After these theoretical developments,
we compare in Section 5 two mechanisms for the selec-
tive excitation of molecular vibrational states: a sequen-
tial chirp around successive single-photon resonances, and
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a multiphoton chirp. In Section 6 we show how STIRAP-
like population transfer schemes fit into our framework.
Finally, we discuss our results in Section 7.

2 Adiabatic response of Floquet states

We consider an N -level quantum system, described by
a Hamiltonian matrix H0 with eigenstates |n〉 (n= 1,
. . . , N), which interacts with a classical radiation pulse.
The total Hamiltonian then is of the form

H(t) = H0 + µ̂F (t) sin(φ(t)), (1)

where µ̂ is the dipole matrix, F (t) describes the enve-
lope of the pulse’s electric field, and the phase φ(t) is a
strictly monotonically increasing, smooth function of time.
Its derivative,

dφ(t)

dt
≡ ω(t), (2)

is the instantaneous radiation frequency. We assume that
the time interval during which ω changes significantly
is large compared to the instantaneous oscillation period
T = 2π/ω, as is the case for conventionally chirped laser
pulses. Likewise, it is understood that during the entire
pulse the envelope F (t) varies only slightly and smoothly
on the time scale set by T .

We wish to understand, from an analytical point of
view, the principles that determine the response of the
system H0 to the pulse. Given some initial state |ψ(ti)〉,
usually an eigenstate of H0, and assuming that the pulse
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is fired in the time interval between ti and tf , we have to
solve the time-dependent Schrödinger equation

i~
d

dt
|ψ(t)〉 = H(t)|ψ(t)〉 (3)

for ti ≤ t ≤ tf , and explain the distribution of the fi-
nal wave function |ψ(tf )〉 over the H0-eigenstates. The
goal is to extract guidelines for robust, selective popula-
tion transfer from the initial state to a certain prescribed
target state, to identify obstacles that might prohibit an
efficient transfer, and, if possible, to develop strategies for
overcoming them.

Although this problem is too wide in scope to be solved
in full generality, even in cases where H0 comprises just
two or three levels, it is certainly possible to pin down
its most decisive features. This is due to the fact that
the Hamiltonian (1) becomes strictly periodic in time if
both F and ω are kept fixed at any value that is met dur-
ing the pulse. Each T (ω)-periodic Hamiltonian obtained
in this way has a complete set of Floquet states [2,3],
and the adiabatic theorem of quantum mechanics allows
us to relate the solution of the Schrödinger equation (3)
to these states [4–7], at least if the parameters vary suffi-
ciently slowly. Utilizing the adiabatic principle for devel-
oping optimal pulse strategies then requires to find out
what “sufficiently slowly” means in practice, and to con-
trol, or deliberately exploit, deviations from the rigidly
adiabatic evolution.

2.1 Instantaneous Floquet states

For carrying through this program in detail, we first switch
from the physical time t to the dimensionless phase φ as
the independent variable. This is always possible, since
φ(t) is strictly monotonically increasing; φ will play the
role of a rescaled time in the following. Writing F (φ), ω(φ)
and |ψ(φ)〉 instead of F (t(φ)), ω(t(φ)) and |ψ(t(φ))〉, the
Schrödinger equation becomes

i~ω(φ)
d

dφ
|ψ(φ)〉 = (H0 + µ̂F (φ) sin(φ)) |ψ(φ)〉. (4)

Next, we collect the pulse parameters in a formal vector
R ≡ (F, ω). Keeping R fixed, instead of considering pulses
R(φ), each particular choice of R then yields an instanta-
neous scaled Hamiltonian

KR(φ) ≡ (~ω)−1 (H0 + µ̂F sin(φ)) , (5)

which satisfies

KR(φ) = KR(φ+ 2π). (6)

As a consequence of going from t to φ, the scaled Hamil-
tonian is always 2π-periodic, whereas the instantaneous
period of the original Hamiltonian (1) varies when the
frequency is chirped.

The Floquet theorem now provides [2,3] for each fixed
R a set of Floquet states |ψRα (φ)〉,

|ψRα (φ)〉 = |uRα (φ)〉 exp

(
−i

εRα
~ω

φ

)
, (7)

with quasienergies εRα and functions |uRα (φ)〉 that inherit
the 2π-periodicity of KR(φ),

|uRα (φ)〉 = |uRα (φ+ 2π)〉. (8)

We briefly recollect some properties of the Floquet states
that will be indispensable in the following [8]. Since each
such state solves the time-dependent Schrödinger equation
with the fixed-parameter Hamiltonian KR(φ), i.e.,

i
d

dφ
|ψRα (φ)〉 = KR(φ)|ψRα (φ)〉, (9)

one immediately gets(
KR(φ)− i

d

dφ

)
|uRα (φ)〉 =

εRα
~ω
|uRα (φ)〉. (10)

These are eigenvalue equations for quasienergies and
Floquet functions at the respective parameters R, posed
in an extended Hilbert space consisting of 2π-periodic func-
tions [9]. This Hilbert space is naturally equipped with the
scalar product

〈〈uRα |v
R
β 〉〉 =

1

2π

∫ 2π

0

dφ 〈uRα (φ)|vRβ (φ)〉, (11)

where 〈 · | · 〉 denotes the usual scalar product in the space
spanned by the eigenstates of H0.

An important point to be noted here is the Brillouin-
zone structure of the solutions to these eigenvalue prob-
lems (10): if |uRn (φ)〉 is an eigenfunction with quasi-
energy εRn , then also |uRn (φ)eimφ〉 is an eigenfunction, with
quasienergy εRn + m~ω. The requirement that the eigen-
functions are 2π-periodic restricts m to (positive or neg-
ative) integer numbers. However, all eigenfunctions that
can be obtained by multiplying a given |uRn (φ)〉 by a fac-
tor eimφ belong to the same Floquet state, since obviously

|uRn (φ)eimφ〉 exp

(
−i

εRn +m~ω
~ω

φ

)
=

|uRn (φ)〉 exp

(
−i

εRn
~ω

φ

)
. (12)

Hence, the index α that labels the solutions to the eigen-
value problem (10) has to be understood as a double-
index:

α = (n,m), n = 1, . . . , N ; m = 0,±1,±2, . . . , (13)

with n counting the N Floquet states to the 2π-periodic
N -level Hamiltonian (5), and m accounting for the
mod ~ω-multiplicity of the quasienergies that is intro-
duced by factorizing a Floquet state (7) into a 2π-periodic
eigenfunction to the problem (10) and an exponential.
In other words, there is a whole class of eigensolutions
to (10), labeled by n, that corresponds to a single physi-
cal Floquet state; the individual members of this class are
distinguished by the second quantum number m. Corre-
spondingly, the quasienergy of a Floquet state is deter-
mined only up to an integer multiple of ~ω.
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This observation gives rise to two different notions of
completeness, both of which will become important in the
following. On the one hand, the N linearly independent
Floquet states are complete, at each instant φ, in the
N -dimensional Hilbert space spanned by the eigenstates
of H0,

N∑
n=1

|uRn (φ)〉〈uRn (φ)| = 1. (14)

Hence, each solution |ψ(φ)〉 to the fixed-parameter
Schrödinger equation (9) can be expanded, with φ-
independent coefficients an, according to

|ψ(φ)〉 =
N∑
n=1

an |u
R
n (φ)〉 exp

(
−i

εRn
~ω

φ

)
, (15)

where we have used the index n as a shorthand for (n, 0),
indicating that only one representative from each class of
eigensolutions to (10) is needed here. On the other hand,
all solutions to (10) are required for the completeness
relation in the extended Hilbert space,

N∑
n=1

+∞∑
m=−∞

|uRn (φ)〉〈uRn (φ′)| eim(φ−φ′) = 1 · 2πδ2π(φ− φ′),

(16)

where δ2π(φ) denotes the 2π-periodic δ-function.

2.2 The adiabatic principle

The fact that the expansion coefficients an in equa-
tion (15) are φ- (i.e., time-) independent underlies the
usefulness of the Floquet states for the analysis of the dy-
namics induced by a strictly time-periodic Hamiltonian.
When expanding the same wave function (15) with re-
spect to the eigenstates of H0, the expansion coefficients
vary with time in a complicated manner. In contrast, once
the Floquet states have been computed, and the initial
wave function has been expanded in the Floquet basis,
the wave function (15) is known for all times.

However, we are not primarily interested in the
dynamics governed by a 2π-periodic Hamiltonian
KR(φ), but rather in the solutions to the Schrödinger
equation (3) with the “slowly” varying Hamiltonian
H(t) = ~ω(t)KR(φ(t))(φ(t)), where the curve R(φ) in
parameter space specifies the laser pulse. To connect this
pulse problem to the set of all Floquet eigenvalue problems
that emerge by “freezing” R(φ) at some instantaneous
value, we introduce a further phase variable p, formally
independent of φ, and construct an “extended” Hamilto-
nian KR(p)(φ):

KR(p)(φ) = (~ω(p))−1(H0 + µ̂F (p) sin(φ)), (17)

which has the important properties that it is 2π-periodic
in φ for each fixed p, and that changing p accounts for the
parameter variation during the pulse.

Next, we introduce a wave function |Ψ(φ, p)〉 which
equals the physical wave function |ψ(φ)〉 on the diagonal
p = φ [10,11],

|Ψ(φ, φ)〉 = |ψ(φ)〉. (18)

The Schrödinger equation with moving parameters,

i
d

dφ
|ψ(φ)〉 = KR(φ)(φ)|ψ(φ)〉 , (19)

then translates into[
i
∂

∂φ
|Ψ(φ, p)〉+ i

∂

∂p
|Ψ(φ, p)〉

]
p=φ

=

KR(p)(φ)|Ψ(φ, p)〉
∣∣∣
p=φ

. (20)

Requiring the validity of this equation even for p 6= φ, one
obtains the evolution equation [5,6]

i
∂

∂p
|Ψ(φ, p)〉 = K(φ, p)|Ψ(φ, p)〉, (21)

where we have introduced the operator

K(φ, p) ≡ KR(p)(φ)− i
∂

∂φ
· (22)

This evolution equation distinguishes the short time scale
T = 2π/ω, associated with φ, from the comparatively long
time scale that characterizes the change of the pulse pa-
rameters R, associated with p. We remark that also the
so-called (t−t′) method, which has been designed for the
numerical solution of the Schrödinger equation [12], makes
similar use of two time variables.

We are now in a position to apply the adiabatic theo-
rem of quantum mechanics [13–16] to this equation (21).
To this end, we first have to find the eigenstates and eigen-
values of the operator K(φ, p) for each fixed parameter
combination R that lies on the curve R(p). This means
nothing but solving all the eigenvalue problems (10), i.e.,
determining the instantaneous Floquet states. We require
that these states be properly normalized with respect to
the scalar product (11). This requirement still leaves the
phases of the instantaneous Floquet states unspecified at
each R. We fix these phases, up to an overall phase for
each state, by demanding

〈〈uR(p)
α |∇R u

R(p)
α 〉〉Ṙ(p) = 0. (23)

This is where the change from the original time variable t
to the phase φ becomes crucial. When working with t, one
encounters extended Hilbert spaces spanned by the sets
{|n〉eimωt}, which means that a frequency chirp affects the
basis vectors. In contrast, when working with φ, there is
just a single extended Hilbert space spanned by {|n〉eimφ},
and the requirement (23) – paralleling directly the fixing
of the instantaneous eigenstates’ phases in the familiar for-
mulations of the adiabatic theorem [13–16] – corresponds
to parallel transport [17] in this extended space. Moreover,
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we stipulate that different Floquet eigenfunctions belong-
ing to the same Floquet state (i.e., eigenfunctions labeled
by the same index n, but different m), differ merely by
the phase factor eimφ, thus excluding an additional con-
stant phase. It is then clear that all members of a class of
Floquet functions respect equation (23), if one does.

For convenience, we now set φ(ti) = 0. The adiabatic
theorem [13–16], applied to the evolution equation (21),
then states that given an initial function

|Ψ(φ, p = 0)〉 =
∑
α

cα|u
R(0)
α (φ)〉, (24)

this function will evolve with p according to

|Ψ(φ, p)〉 =
∑
α

cα|u
R(p)
α (φ)〉 exp

(
−i

∫ p

0

dp′
ε
R(p′)
α

~ω(p′)

)
(25)

in the adiabatic limit of “infinitely slow” parameter varia-
tion, so that the expansion coefficients cα remain constant,
provided the instantaneous quasienergies εRα remain non-
degenerate along the path R(p). Note that this applica-
tion of the adiabatic theorem involves all solutions to the
eigenvalue equation (10), as expressed by the appearance
of the double index α.

In order to exploit this adiabatic principle for the so-
lution of the original Schrödinger equation (3) that one
is actually interested in, we first have to “lift” the initial
state

|ψ(φ = 0)〉 =
N∑
n=1

an|u
R(0)
n (0)〉 (26)

to the extended Hilbert space. This procedure is not
unique: all functions

|Ψ(φ, p = 0)〉 =
∑
α

cα|u
R(0)
α (φ)〉

=
N∑
n=1

+∞∑
m=−∞

c(n,m)|u
R(0)
(n,0)(φ)eimφ〉 (27)

correspond to |ψ(φ = 0)〉, if only

+∞∑
m=−∞

c(n,m) = an (28)

for n = 1, . . . , N . Therefore, it has to be guaranteed
that the final wave function |ψ(φf ))〉 that results from
lifting the initial state, adiabatically transporting in the
extended Hilbert space, and back-projecting by setting
p = φf , does not depend on the particular choice of the
coefficients c(n,m), provided they comply with (28). But
this can easily be seen: resolving the double index α, the

transported wave function (25) becomes

|Ψ(φ, p)〉 =
N∑
n=1

+∞∑
m=−∞

c(n,m)|u
R(p)
(n,0)(φ)eimφ〉

× exp

−i ∫ p

0

dp′
ε
R(p′)
(n,0)

~ω(p′)
− imp

 . (29)

After projection, this gives the unique adiabatic approxi-
mation

|ψ(φf )〉 =
N∑
n=1

an|u
R(φf )
n (φf )〉 exp

(
−i

∫ φf

0

dφ
ε
R(φ)
n

~ω(φ)

)
(30)

to the Schrödinger wave function, using equation (28) and
again writing n for (n, 0). The simplicity of this consis-
tency check rests once more on the use of the variable φ
instead of t.

3 Adiabatic perturbation theory
for Floquet states

The tool for understanding the deviations from strictly
adiabatic motion that will necessarily emerge when the
pulse parameters do not vary “infinitely slowly” is time-
dependent perturbation theory in the adiabatic basis. We
split the treatment into three parts, and consider devi-
ations that occur during the pulse, when there are no
near-degeneracies of instantaneous quasienergies, devia-
tions that stem from the way the pulse is switched on and
off and remain visible at the end of the pulse, and Landau-
Zener transitions of Floquet states at avoided crossings of
quasienergies.

3.1 Transition probabilities during the pulse

We assume that at the beginning of the pulse (when the
pulse’s amplitude still vanishes, so that the Floquet states
coincide with the eigenstates of the unperturbed Hamil-
tonian H0) only a single eigenstate of H0 is populated,

|ψ(φ = 0)〉 = |uR(0)
1 (0)〉, (31)

lift this wave function to the extended Hilbert space,

|Ψ(φ, p = 0)〉 = |uR(0)
(1,0)(φ)〉, (32)

and consider the exact wave function

|Ψ(φ, p)〉 =
∑
α

cα(p)|uR(p)
α (φ)〉 exp

(
−i

∫ p

0

dp′
ε
R(p′)
α

~ω(p′)

)
(33)

that evolves from this initial state under the influence of
the pulse. Note that we have done the lifting, without loss
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of generality, by going from an(0) = δn,1 to c(n,m)(0) =
δn,1δm,0 (i.e., we have not spread the initial amplitude
over more than one mode belonging to the Floquet state
n = 1), but that, nonetheless, all indices α are needed in
the expansion (33), since we now rely on the complete-
ness (16) in the extended Hilbert space.

The expansion coefficients then obey the infinite sys-
tem of equations

∂pcα(p) = −
∑
β

cβ(p)〈〈uR(p)
α |∂p|u

R(p)
β 〉〉

× exp

−i ∫ p

0

dp′
ε
R(p′)
β − εR(p′)

α

~ω(p′)

 , (34)

where we have used the symbol ∂p to indicate the deriva-
tive with respect to the evolution variable p, and the dou-
ble brackets indicate the scalar product (11). First-order
perturbation theory amounts to replacing cβ(p) by the
initial values c(n,m)(0) = δn,1δm,0, hence

cα(p) = −

∫ p

0

dp′ 〈〈uR(p′)
α |∂p′ |u

R(p′)
(1,0) 〉〉

× exp

−i ∫ p′

0

dp′′
ε
R(p′′)
(1,0) − ε

R(p′′)
α

~ω(p′′)

 (35)

for α 6= (1, 0). This integral, with its fast-oscillating inte-
grand, is difficult to evaluate as it stands, but successive
partial integrations yield a systematic expansion in powers
of ~ [18–20]. The first such step results in

cα(p) = −i~ω(p′)
〈〈uR(p′)

α |∂p′ |u
R(p′)
(1,0) 〉〉

ε
R(p′)
(1,0) − ε

R(p′)
α

× exp

−i ∫ p′

0

dp′′
ε
R(p′′)
(1,0) − ε

R(p′′)
α

~ω(p′′)

∣∣∣∣∣∣
p

0

+

∫ p

0

dp′

∂p′
i~ω(p′)

〈〈uR(p′)
α |∂p′ |u

R(p′)
(1,0) 〉〉

ε
R(p′)
(1,0) − ε

R(p′)
α


× exp

−i ∫ p′

0

dp′′
ε
R(p′′)
(1,0) − ε

R(p′′)
α

~ω(p′′)

. (36)

Upon further partial integration, the remaining integral
then produces terms proportional to ~2 and another in-
tegral, and so on. However, since the expression (36) has
been obtained within first-order perturbation theory from
equation (34), only the O(~)-term is consistent here; com-
puting higher-order terms requires higher-order perturba-
tion theory right from the outset.

Within the first-order approximation, we therefore
keep only the O(~)-term in equation (36). For calculat-
ing the amplitudes an(φ) in the expansion

|ψ(φ)〉 =
N∑
n=1

an(φ)|uR(φ)
n (φ)〉 exp

(
−i

∫ φ

0

dφ′
ε
R(φ′)
n

~ω(φ′)

)
,

(37)

and hence the occupation probabilities |an(φ)|2 of the in-
stantaneous Floquet states during the pulse, subject to
the initial condition an(0) = δn,1, we have to return to
the physical Hilbert space by setting p = φ, and to sum
over all the modes that make up the nth Floquet state.
Assuming that there is no contribution from p = 0 (which
is the case, e.g., if the envelope function F (p) is contin-
uously differentiable at p = 0, see following subsection),
we find

|an(φ)|2 = ~2ω2(φ)

∣∣∣∣∣∣
+∞∑

m=−∞

〈〈uR(p)
(n,m)|∂p|u

R(p)
(1,0)〉〉p=φ

ε
R(φ)
(1,0) − ε

R(φ)
(n,m)

× exp

−i ∫ φ

0

dφ′
ε
R(φ′)
(1,0) − ε

R(φ′)
(n,m)

~ω(φ′)

∣∣∣∣∣∣
2

= ~2ω2(φ)

∣∣∣∣∣∣
+∞∑

m=−∞

〈〈uR(p)
(n,m)|∂p|u

R(p)
(1,0)〉〉p=φ

ε
R(φ)
(1,0) − ε

R(φ)
(n,m)

eimφ

∣∣∣∣∣∣
2

(38)

for n 6= 1. Hence, even when tracked in the adiabatic ba-
sis, the instantaneous occupation probabilities exhibit os-
cillations that result from the periodic driving. At this
point the Brillouin-zone structure of the eigenvalue prob-
lem (10), which remained invisible as long as the para-
meters were kept fixed, shows up: it is the interference of
different modes belonging to the same Floquet state that
is responsible for the oscillations of the transition proba-
bilities.

To see what this means in practice, we consider a
pulsed two-level system with separation ∆E between the
unperturbed energy levels:

H(t) =
∆E

2
σz + µF (t) sin(φ(t))σx , (39)

where σx and σz denote the usual Pauli matrices; µσx = µ̂
is the dipole operator. We set φ(t) = ωt, i.e., we keep the
frequency ω fixed, and study the response to pulses of the
form

F (t) = Fmax sin2(πt/Tpulse) (40)

for 0 = ti ≤ t ≤ Tpulse = tf . Figure 1 shows the quasiener-
gies for ∆E/(~ω) = 2.2 as functions of the instantaneous
field strength F . Since the driving frequency ω is smaller
than ∆E/~, the ac Stark shift pushes the two levels with
increasing field strength further apart, until one meets
a three-photon resonance, which manifests itself as the
avoided quasienergy crossing at µF/(~ω) ≈ 1.33. We stay
clear of this resonance by choosing µFmax/(~ω) = 0.8.
The full line in the upper panel of Figure 2 then shows
the transition probability |a2(t)|2 obtained by numerically
solving the Schrödinger equation for a pulse with a length
of merely 20 cycles, Tpulse = 20 (2π/ω) ≡ 20T ; the ini-
tial condition was an(0) = δn,1. As expected from equa-
tion (38), the probability oscillates with period T/2. The
lower panel depicts the absolute squares of the dominant
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Fig. 1. Quasienergies for the two-level system (39) with fixed
frequency ω, and ∆E/(~ω) = 2.2.
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Fig. 2. Upper panel: numerically computed exact transition
probability |a2(t)|2 (full line) for a two-level system (39) sub-
jected to a pulse (40) with constant frequency ω; parame-
ters are ∆E/(~ω) = 2.2, µFmax/(~ω) = 0.8, and Tpulse =
20 (2π/ω) ≡ 20T . The dashed line results from first-order per-
turbation theory; see equation (38). Lower panel: dominant
modes c(2,m)(t) for the expansion (33) in the extended Hilbert
space.

expansion coefficients c(2,m)(t) in the extended Hilbert
space as obtained from the O(~)-term in equation (36);
the dashed line in the upper panel – almost indistinguish-
able from the full line – shows what results from their
coherent summation according to equation (38). Obvi-
ously, first-order adiabatic perturbation theory captures
the exact transition probabilities very well, even though
the pulse is by no means long, that is, the envelope F (t)
is not really slowly varying: it reaches its maximum am-
plitude already after 10 cycles. It is also interesting to see
that the only significant deviation of the perturbative re-
sult from the exact one occurs in the middle of the pulse.
This is due to the fact that the first derivative of the en-
velope function vanishes here, so that the result of the

first-order calculation vanishes too (see Eq. (42) below);
correcting this shortcoming requires a higher-order calcu-
lation.

3.2 Non-smoothness at the pulse ends

We now focus on deviations from adiabaticity that are
caused by some non-smoothness at the beginning or end
of the pulse. An example for this is provided already
by the envelope (40): when continued by F (t) ≡ 0 for
t < 0 and t > Tpulse, it is once, but not twice, contin-
uously differentiable at the pulse ends. Consequences of
such a roughness have been studied by Garrido and San-
cho [21] and Sancho [22] in the context of merely paramet-
rically time-dependent quantum systems, without periodic
forcing.

Let us assume that the first j − 1 derivatives of the
envelope function F (p) vanish at the pulse ends, and that
F (j)(0+) 6= 0 and/or F (j)(pf−) 6= 0. Switching again to
the variable φ, with φ(ti) = 0 and φ(tf ) = φf , and start-
ing from the first-order approximation (35), the leading
contribution to the transition amplitude is obtained after
integrating j times by parts:

cα(pf ) =

(−1)j


 i~ω(p)

ε
R(p)
(1,0) − ε

R(p)
α

∂p

j−1

i~ω(p)〈〈uR(p)
α |∂p|u

R(p)
(1,0)〉〉

ε
R(p)
(1,0) − ε

R(p)
α


× exp

−i ∫ p

0

dp′
ε
R(p′)
(1,0) − ε

R(p′)
α

~ω(p′)

∣∣∣∣∣∣
pf

0

(41)

for α 6= (1, 0). Next, we use the identity

〈〈uR(p)
α |∂p|u

R(p)
β 〉〉 = ~ω(p)

〈〈uR(p)
α |∂pK|u

R(p)
β 〉〉

ε
R(p)
β − ε

R(p)
α

(α 6= β).

(42)

Since 〈〈uR(p)
α |∂`pK|u

R(p)
β 〉〉 = 0 for ` < j and p = 0, pf by

assumption, a non-vanishing contribution to cα(pf ) can
result only if ∂p acts j times directly on K. Hence, we find

cα(pf ) = (−i)j

 ~ω(p)

ε
R(p)
(1,0) − ε

R(p)
α

j+1

〈〈uR(p)
α |∂jpK|u

R(p)
(1,0)〉〉

× exp

−i ∫ p

0

dp′
ε
R(p′)
(1,0) − ε

R(p′)
α

~ω(p′)

∣∣∣∣∣∣
pf

0

· (43)

At the pulse ends p = 0 and p = pf we have |uR(0)
α (φ)〉 =

|n eimφ〉, |u
R(pf )
α (φ)〉 = |n eimφ〉eiγn , and ε

R(p)
α = En +

m~ω(p), where |n〉 and En denote the eigenstates and
eigenvalues of H0, respectively. The real numbers γn are



K. Drese and M. Holthaus: Floquet theory for short laser pulses 125

|an(φf)|2 =
|〈n|µ̂|1〉|2

4

∣∣∣∣ (~ω(φf))jei(γ1−γn+φf )

(En + ~ω(φf)− E1)j+1
F (j)(φf−) exp

(
−i

∫ φf

0

dφ
ε
R(φ)
(1,0) − ε

R(φ)
(n,0)

~ω(φ)

)
−

(~ω(0))j

(En + ~ω(0)− E1)j+1
F (j)(0+)

−
(~ω(φf))j ei(γ1−γn−φf )

(En − ~ω(φf)− E1)j+1
F (j)(φf−) exp

(
−i

∫ φf

0

dφ
ε
R(φ)

(1,0) − ε
R(φ)

(n,0)

~ω(φ)

)
+

(~ω(0))j

(En − ~ω(0)− E1)j+1
F (j)(0+)

∣∣∣∣2. (45)

geometrical Berry phases [23], resulting from the parallel
transport (23). Hence,

〈〈uR(0)
α |∂jpK|u

R(0)
(1,0)〉〉 =

1

~ω(0)
〈n|µ̂|1〉F (j)(0)

1

2i
(δm,1 − δm,−1) ; (44)

for p = pf one also gets a Berry phase factor ei(γ1−γn).
Since the sinusoidal driving described by the quasienergy
operator K connects only neighboring modes, i.e., modes
differing in m by ± 1, the final transition probabilities
|an(φf )|2 for n 6= 1 become

see equation (45) above.

This formula has a transparent structure: each of the two
modes contributing to the final transition probability picks
up contributions originating from the non-smoothness at
both the beginning and at the end of the pulse; the lat-
ter are accompanied by the dynamical and geometrical
phases that result from evolving the wave function over
the whole pulse. The dynamical phases are determined by
the quasienergies, reflecting adiabatic transport of Floquet
states during the pulse; the geometrical phases express the
possible anholonomy of this transport [17,23].

Figure 3 shows a comparison of the perturbative re-
sult (45) with exact numerical data, again for the two-level
system (39) with the envelope function (40) and constant
frequency ω, so that j = 2. In this case the geometrical
phases vanish. We now have chosen µFmax/(~ω) = 0.1
and ∆E/(~ω) = 0.2. The analytical approximation to
|a2(Tpulse)|2 starts to agree very well with the exact data
already for pulses which are merely two cycles long, which
again underlines the usefulness of adiabatic Floquet state
perturbation theory even for really short pulses.

Evidently, the total non-adiabatic loss of probability
from the initially populated state n = 1 that is caused by
the non-smoothness at the onset of the pulse is given by

N∑
n=2

|an(0+)|2 =
1

4
(~ω(0))2j

N∑
n=2

∣∣∣∣ F (j)(0+) 〈n|µ̂|1〉

(En + ~ω(0)−E1)j+1

−
F (j)(0+) 〈n|µ̂|1〉

(En − ~ω(0)−E1)j+1

∣∣∣∣2 · (46)

Thus, if the turn-on of the pulse is somewhat rough, a
certain amount of probability is lost for the intended adi-
abatic transfer right from the beginning. We will return
to this expression (46) in the following section, where we
analyze pulse dynamics with the help of superadiabatic
techniques.

0 2 4
Tpulse / T

10
-7

10
-5

10
-3

|a
2|

2

Fig. 3. Comparison of the perturbative prediction (45) for the
final transition probability |a2(Tpulse)|

2 in a pulsed two-level
system (39) (dashed) with exact numerical data (full line), for
pulses no longer than merely 4 cycles T = 2π/ω. The frequency
ω is kept constant; the pulse shape is given by equation (40).
Parameters are ∆E/(~ω) = 0.2 and µFmax/(~ω) = 0.1.

3.3 Landau-Zener transitions among Floquet states

Near-degeneracies of instantaneous quasienergies during
the pulse are of particular interest, since they lead to com-
paratively simple and robust strategies for controlling the
outcome of the pulse by suitably adjusting its parameters.

We consider an avoided crossing between the quasi-
energy εR(1,0) originating from the energy of the initially oc-

cupied state, and some other quasienergy εRα . More speci-
fically, we assume that the variation of the instantaneous
quasienergies as seen by the system in the course of time
is of the Landau-Zener form [24,25],

ε
R(t)
(1,0) = 1

2

√
(δε)2 + γ2(t− t0)2 ≡ ε+(t)

ε
R(t)
α = −εR(t)

(1,0) ≡ ε−(t),
(47)

so that an avoided quasienergy crossing of width δε is
encountered at t = t0; we are free to set t0 = 0. Within
the first-order approximation (35), the amplitude of the
anticrossing state after the passage of the avoided crossing
is then given by

cα(+∞) = −

∫ +∞

−∞
dt 〈〈uR(t)

α |∂t|u
R(t)
(1,0)〉〉

× exp

(
−
i

~

∫ t

0

dt′ (ε+(t′)− ε−(t′))

)
, (48)
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Fig. 4. Instantaneous quasienergies (full lines) for the driven
two-level system (39) with fixed amplitude µF/(~ωi) = 6.089.
The reference frequency ωi is given by ∆E/(~ωi) = 5.556, so
that the avoided crossing corresponds to a five-photon reso-
nance. The width of the avoided crossing is δε/(~ωi) = 0.1236;
the total diabatic quasienergy variation for ωf/ωi = 1.25 is
∆ε/(~ωi) = 1.1004. The asymptotes confirm that the five-
photon transition induced by a linear frequency chirp is of the
Landau-Zener type.

apart from an irrelevant phase factor. Now we can adopt
standard arguments [18,26]: introducing the variable

w(t) =
1

~

∫ t

0

dt′ (ε+(t′)− ε−(t′))

=
t

2~
√

(δε)2 + (γt)2 +
(δε)2

2~γ
arcsinh

(
γt

δε

)
, (49)

the complex degeneracy point tc = −i δε/γ of the quasi-
energies ε+(t) and ε−(t) corresponds to

w(tc) ≡ wc = −i
π

4

(δε)2

~γ
, (50)

and the expression (48) can be brought into the universal
form [18,26]

cα(+∞) =

∫ +∞

−∞
dw

i

6(w − wc)
exp(−iw). (51)

Closing the contour of integration by an infinitely large
semi-circle in the lower half of the complex w-plane im-
mediately gives

cα(+∞) =
π

3
exp(−iwc). (52)

The prefactor π/3 ≈ 1.047 appearing in the present first-
order analysis is changed to unity when the perturbation
series is summed to all orders [18,26,27], so that the cor-
rect probability for a Landau-Zener transition among the
anticrossing Floquet states becomes

PLZ = exp(−2|wc|) = exp

(
−
π

2

(δε)2

~γ

)
· (53)

The remarkable point here is that we are treating Landau-
Zener transitions in systems of the type (1) that vary both

parametrically and periodically in time, that is, we have
what is conventionally termed “multiphoton transitions”
among Floquet states, but the use of the evolution equa-
tion (21), which underlies the expression (48), has allowed
us to reduce this problem entirely to the usual analysis
for Landau-Zener transitions among energy eigenstates.
To demonstrate the accuracy of our arguments, we resort
once more to the forced two-level system (39), keep the
field strength fixed at µF/(~ωi) = 6.089, and consider a
linear frequency chirp

ω(t) = ωi +
t− ti
tf − ti

(ωf − ωi) (54)

between times ti and tf , with ∆E/(~ωi) = 5.556 and
∆E/(~ωf) = 4.444. Thus, we are chirping over a five-
photon resonance. In Figure 4 we depict the correspond-
ing instantaneous quasienergies, shifted by −~ω/2 for
graphical convenience.

Choosing the initial frequency ωi as the reference
frequency, and assuming that (tf − ti) = r (2π/ωi), the
Landau-Zener formula (53) can be written in the form

lnPLZ
r

= −
π2

2

(δε/~ωi)2

∆ε/~ωi
, (55)

where ∆ε is the diabatic quasienergy variation between
times ti and tf , so that γ/2 = ∆ε/(tf − ti) in equa-
tion (53). From the data underlying Figure 4 one deter-
mines δε/(~ωi) = 0.1236 and ∆ε/(~ωi) = 1.1004; hence
one expects lnPLZ/r = −0.0685. On the other hand, we
have solved the time-dependent Schrödinger equation for
the chirped two-level system by direct numerical integra-
tion in order to determine the Landau-Zener transition
probabilities without approximation; the resulting data
shown in Figure 5 give lnPLZ/r = −0.0687. The strik-
ing agreement with the theoretical expectation confirms
that the reduction of the original Floquet-type transition
problem to the usual Landau-Zener problem, which re-
lies crucially on the evolution equation (21) in the ex-
tended Hilbert space, correctly captures the physics of
chirp-induced multiphoton transitions.

4 Superadiabatic Floquet dynamics

To characterize the degree of adiabaticity when the laser
pulses are short, we now replace the evolution variable p
in equation (21) by q/η, and stipulate that q varies be-
tween 0 and 1 during the pulse, so that approaching the
adiabatic limit means taking the dimensionless adiabatic-
ity parameter η to zero. The evolution equation (21) then
takes the form

iη
∂

∂q
|Ψ(φ, q)〉 = K(φ, q)|Ψ(φ, q)〉, (56)

with |Ψ(φ, q)〉 and K(φ, q) as shorthand notation for
|Ψ(φ, q/η)〉, K(φ, q/η). As a consequence, the transition
amplitudes considered in Sections 3.1 and 3.2 become
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Fig. 5. Landau-Zener transition probabilities for the two-level
system (39) with fixed amplitude µF/(~ωi) = 6.089 and linear
frequency chirp (54), corresponding to the avoided quasienergy
crossing displayed in Figure 4. The data were obtained from
numerical solutions of the time-dependent Schrödinger equa-
tion for chirps with duration tf − ti = r (2π/ωi). The slope of
the straight line is lnPLZ/r = −0.0687.

proportional to powers of η, whereas the Landau-Zener
transition probability studied in Section 3.3 is of the or-
der O(exp(−const/η)). The guiding idea behind super-
adiabatic approaches to quantum dynamics [26–29] is to
provide a series of successive unitary transformations to
new frames of reference that are better adapted to the ac-
tual “fast” evolution than the adiabatic basis, such that
in these new bases the contributions to the transition
amplitude that are merely proportional to powers of η
are removed. A very transparent formulation of this idea
has been given by Berry [26] for parametrically time-
dependent quantum systems. In this section we generalize
his approach to laser-driven systems (1), and show that
superadiabatic transformations furnish a diagnostic tool
for optimizing laser pulses.

To this end, we try to represent the exact solution to
equation (56) that emerges from the initial condition

|Ψα(φ, 0)〉 = |uR(0)
α (φ)〉 (57)

by the power series

|Ψα(φ, q)〉 = exp

(
−
i

η

∫ q

0

dq′
ε
R(q′)
α

~ω(q′)

)
∞∑
s=0

ηs |v(s)
α (φ, q)〉,

(58)

where the functions |v(s)
α (φ, q)〉 are linear combinations of

the instantaneous Floquet functions:

|v(s)
α (φ, q)〉 =

∑
β

a
(s)
αβ(q) |uR(q)

β (φ)〉 , (59)

with initial conditions

a
(0)
αβ(q) = δα,β , (60)

so that |v(0)
α (φ, q)〉 = |uR(q)

α (φ)〉, and

a
(s)
αβ(0) = 0 for s > 0. (61)

Inserting the ansatz (58) into the evolution equation (56)
and comparing coefficients of equal powers of η, we obtain
the recursive relations

a
(s)
αβ(q) =

−i~ω(q)

ε
R(q)
α − εR(q)

β

{
∂qa

(s−1)
αβ (q)

+
∑
γ

〈〈uR(q)
β |∂q|u

R(q)
γ 〉〉 a(s−1)

αγ (q)
}

(α 6= β)

(62)

∂qa
(s)
αα(q) = −

∑
β

〈〈uR(q)
α |∂q|u

R(q)
β 〉〉a(s)

αβ(q) (63)

which are direct analogs of the corresponding rela-
tions for systems with merely a simple parametric time-
dependence [27]. They allow us to determine the coeffi-

cients a
(s)
αβ(q) required in equation (59), and hence the

wave functions (58).
The desired sequence of superadiabatic bases

{ |ψ
(S)
n (φ)〉 } (S = 0, 1, 2 . . . ) for monitoring the solutions

to the original Schrödinger equation (3) is obtained by
truncating the series (58) at s = S, and then returning to
the physical Hilbert space by equating q/η = φ:

|ψ(S)
n (φ)〉 = exp

(
−i

∫ φ

0

dφ′
ε
R(φ′)
n

~ω(φ′)

)
S∑
s=0

|v(s)
n (φ, φ)〉.

(64)

Because of equation (60), the zeroth superadiabatic basis
(S = 0) coincides with the adiabatic basis itself.

Right from the outset, it is clear that the ansatz (58)
will, in general, be divergent: it is merely a power series
in η and thus cannot account for the Landau-Zener-type
contributions to the transition amplitude, since these are
“beyond all orders in η”. However, the series is asymp-
totic [26]. Truncating at an optimal S0, and expanding the
Schrödinger wave function |ψ(φ)〉 in that particular basis

{ |ψ(S0)
n (φ)〉 }, means disentangling the power-series con-

tributions to the transition amplitude from the actually
important Landau-Zener-type contributions, which then
adopt a universal form [26]. In this way one isolates the
essentials of the transition dynamics.

To explore how this works for laser-pulsed systems,
we return to the two-level Hamiltonian (39) with pulse
envelope (40) and fixed frequency ω. As in the situation
studied in Figure 2, we set ∆E/(~ω) = 2.2 and consider
a pulse with a length of merely 20 cycles, but now the
peak field strength is µFmax/(~ω) = 1.5, so that the
avoided quasienergy crossing seen in Figure 1 is passed
twice in the course of the pulse. Figure 6 shows the pro-
jection of the numerically computed solution |ψ(t)〉 to
the Schrödinger equation (with bare state |1〉 as initial
condition) onto the instantaneous adiabatic Floquet func-

tion |uR(t)
2 (t)〉 and onto the second-order superadiabatic

basis vector |ψ(2)
2 (t)〉. A characteristic difference becomes

visible at the beginning of the pulse: when measured in
the adiabatic basis, the transition probability starts at
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Fig. 6. Squared projection of the Schrödinger wave function
|ψ(t)〉 evolving from the initial bare state |1〉 under the influ-
ence of a pulse (40) with constant frequency ω onto the zeroth-

order superadiabatic basis vector |uR(t)
2 (t)〉 (full line), and onto

the second-order superadiabatic basis vector |ψ(2)
2 (t)〉 (dashed).

Parameters are ∆E/(~ω) = 2.2 and µFmax/(~ω) = 1.5, so that
the avoided crossing seen in Figure 1 is passed twice during the
pulse; the pulse length is Tpulse = 20T .

zero and reaches about 10−4 after a few cycles. In con-
trast, with respect to the second-order superadiabatic ba-
sis the probability remains initially constant at the value
2.640 × 10−7. This is almost exactly equal to the value
|a2(0+)|2 = 2.641×10−7 predicted by equation (46) as the
non-adiabatic population loss due to the non-smoothness
of the pulse envelope at the beginning: since the envelope
is only once continuously differentiable, we have j = 2 in
equation (46), so that the transition amplitude is affected
to the order O(η2). The second-order superadiabatic basis
is constructed such that this defect is taken out of the dy-
namics, so that the transition probability, viewed in this
basis, initially stays constant at the value given by equa-
tion (46). The change of amplitude in the superadiabatic
basis is caused mainly by the two passages through the
avoided crossing at t ≈ 7.6T and t ≈ 12.4T .

When changing the pulse envelope from (40) to

F (t) = Fmax sin4(πt/Tpulse), 0 ≤ t ≤ Tpulse, (65)

while keeping the parameters fixed, the initial non-
adiabatic amplitude defect becomes proportional to η4. It
is then the fourth-order superadiabatic basis that best de-
scribes the dynamics during the initial stage of the pulse.
This is illustrated in Figure 7, which compares the tran-
sition probability in the adiabatic basis to the probability
viewed in the second-order and fourth-order superadia-
batic bases. Note the change of the ordinate’s scale as
compared to the previous figure: the smoother the onset
of the pulse, the less the initial non-adiabatic loss.

A striking example for the reduction to the essentials
of the dynamics that can be achieved by superadiabatic
transformations is displayed in Figure 8, where we con-
sider a sin2-pulse that is 10 times longer than the one in
Figure 6; the other parameters remain unchanged. In the
adiabatic basis the final transition probability is reached
after overshooting that final value by many orders of mag-
nitude at the avoided crossings, and with the already fa-
miliar oscillations that stem from the interference of differ-
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Fig. 7. As Figure 6, but for a pulse with the smoother enve-
lope (65). The solution to the Schrödinger equation has been

projected onto the adiabatic basis vector |uR(t)
2 (t)〉 (full line),

onto the second-order superadiabatic basis vector |ψ(2)
2 (t)〉

(dashed), and onto the fourth-order superadiabatic basis vec-

tor |ψ(4)
2 (t)〉 (dotted).
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Fig. 8. Pulse dynamics for the driven two-level system (39)
with parameters as in Figure 6, but for a pulse that is ten times
longer, Tpulse = 200T . The transition probability is viewed in
the adiabatic basis (full line; the black areas stem from oscil-
lations of the type explained in Fig. 2), in the second-order
superadiabatic basis (dashed), and in the tenth-order super-
adiabatic basis (dotted).

ent Floquet modes, as in Figure 2. Viewed in higher-order
superadiabatic bases, the dynamics become more and
more simple. For S = 2 one still finds oscillations of the
transition probability, now caused by the interference of a
“perturbative” and a “non-perturbative” component [27],
but the overshooting is already substantially diminished.
For S = 10 the transition dynamics reduces to a mere
sketch: starting with the value 2.6413× 10−11 determined
by the initial roughness of the pulse envelope (for com-
parison: equation (46) gives |a2(0+)|2 = 2.6412× 10−11),
the probability stays constant, apart from the two steps
resulting from the passages through the avoided crossing.
As can be deduced from Berry’s theory [26], these steps,
which mark the actual Landau-Zener induced probability
loss, are universally approximated by error-functions.

As a further example for the use of superadiabatic
transformations we study a chirp around the one-photon
resonance of the two-level model (39). We choose the tran-
sition frequency ωc = ∆E/~ as reference frequency, take
a sin2-envelope (40) with length Tpulse = 10Tc (where
Tc = 2π/ωc), and chirp the instantaneous frequency
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Fig. 9. Dynamics of a chirp over the one-photon resonance of
the two-level system (39). The instantaneous frequency of the
sin2-shaped pulse is varied according to equation (66), with
ωc = ∆E/~ and ∆ω/ωc = 0.3. The maximum field strength is
µFmax/(~ωc) = 0.3; the pulse length is Tpulse = 10 (2π/ωc) ≡
10Tc. The Schrödinger wave function |ψ(t)〉 evolving from the
initial bare state |1〉 has been projected onto the bare state

|2〉 (dotted), onto the instantaneous Floquet function |uR(t)
2 (t)〉

(full line), and onto the third-order superadiabatic basis vector

|ψ(3)
2 (t)〉 (dashed).
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Fig. 10. Quasienergies for the two-level system (39) corre-
sponding to the chirp studied in Figure 9. Note that the
quasienergy emerging from the bare state |1〉 is continuously
connected to |2〉, and vice versa.

according to

ω(t) = ωc +∆ω cos(πt/Tpulse) (66)

from above to below the resonance [30]. Figure 9 shows
the square of the wave function’s projection onto the bare

state |2〉, onto the adiabatic Floquet function |uR(t)
2 (t)〉,

and onto the third-order superadiabatic basis vector

|ψ(3)
2 (t)〉, for a pulse with µFmax/(~ωc) = 0.3 and

∆ω/ωc = 0.3. Despite the pulse’s shortness, the chirp
effectuates an almost complete population transfer from
|1〉 to |2〉. This is made possible by the fact that the
quasienergy emerging from the initial state |1〉 is adia-
batically connected to the final state |2〉, as shown in Fig-
ure 10. Hence, a chirped laser pulse can induce a “tran-
sition without transition”: the population can flow to the
target state (almost) adiabatically. For the very short
pulse considered here, the actual dynamics is more in-
volved: the full line in Figure 9, indicating the transition

probability in the adiabatic basis, shows an overshooting

of the occupation of |uR(t)
2 (t)〉 by about two orders of mag-

nitude over the actual final non-adiabatic population loss.
This is caused by two Landau-Zener-like transitions that
occur when the instantaneous quasienergy levels approach
each other slightly, comparable to the situation in Fig-
ure 8. Unlike the case studied there, the two transition
amplitudes do not add constructively, but destructively, as
revealed by the transformation to the third-order super-
adiabatic basis. It is only this transformation which shows
the actual magnitude of Landau-Zener-induced losses, and
separates them from the loss due to the roughness of the
pulse’s edges.

5 Sequential ladder climbing
versus multiphoton chirp

The ideas illustrated in the previous sections with the
help of the model (39) can be exploited in order to de-
velop strategies for efficient population transfer in multi-
level systems. As a typical example, we consider the forced
Morse oscillator

H(t) =
p2

2m
+D(1− e−βx)2 + dxF (t) sin(φ(t)) (67)

with parameters characterizing the vibrations of an HF
molecule: m = 1744.8, D = 0.22509, β = 1.1741, and
d = 0.3099 (all data in atomic units [31]). The undriven
Morse oscillator then has 24 bound states with energies

En = ~ω0

(
n+

1

2

)
−
~2ω2

0

4D

(
n+

1

2

)2

, (68)

where

ω0 =

√
2Dβ2

m
(69)

is the frequency of small oscillations in the Morse poten-
tial. We restrict ourselves to the dynamics in the space
spanned by the bound states, thereby excluding continu-
um effects.

For F = 0, the quasienergies ε(n,m) are related to the
energies En by

ε(n,m) = En +m~ω. (70)

Hence, plotting quasienergies versus frequency yields a
web of straight lines, as in Figure 11. For F > 0 the
level crossings seen in this figure, indicating multiphoton
resonances, turn into anticrossings, thus providing several
alternative routes for adiabatic transfer schemes. For in-
stance, if we start with the vibrational ground state |0〉
and seek to populate the fifth excited state |5〉, we may
choose to move on the upper envelope of the levels in Fig-
ure 11, beginning with a frequency ωi that is higher than
the first transition frequency (E1−E0)/~, increase the field
amplitude, gradually lower the frequency and successively
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Fig. 11. Quasienergies ε(n,m) for the HF -Morse oscilla-
tor (67), for vanishing amplitude F . The numbers correspond
to the vibrational quantum number n; the slope of the lines
is determined by m. For F > 0 the level crossings turn into
anticrossings. In the case of sequential ladder climbing studied
in Figure 13, the wave function moves on the upper envelope
of these lines (from right to left), whereas a multiphoton chirp
exploits an individual anticrossing (with arbitrary chirp direc-
tion). The two heavy segments of the lines with n = 0 and
n = 5 indicate the five-photon resonance utilized in Figure 16.
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Fig. 12. Greyscale plot encoding the difference∆ε between the
instantaneous quasienergy used for successive ladder climbing
from |0〉 to |5〉 and its nearest neighbor. Black areas correspond
to near-degeneracies that are to be circumvented. The heavy
line is the path traversed by the pulse (66, 71).

pass the single-photon resonances ω = (En+1 − En)/~
for n = 0, . . . , 4 as adiabatically as possible, and fi-
nally lower the amplitude back to zero at some frequency
(E6 −E5)/~ < ωf < (E5 −E4)/~. In this way, we succes-
sively climb the rungs of the vibrational ladder: on the in-
dividual line segments of the upper envelope in Figure 11,
the adiabatic Floquet state is closely associated with the
respective Morse eigenstate.

While this scenario is well-known in principle [7,32],
there is the pertinent question how to design the field am-
plitude F (t) in order to accomplish the intended popula-
tion transfer with as little loss as possible. A reasonable
guideline for this purpose is varying the pulse parameters
such that the difference ∆ε between the quasienergy of
the transfer state and its nearest neighbor stays roughly
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Fig. 13. Upper panel: population of the bare Morse eigen-
states during the pulse indicated in Figure 12, with Tpulse =
200 (2π/ωc) ≡ 200Tc. One clearly recognizes the climbing of
the vibrational ladder from |0〉 to |5〉. Middle panel: difference
∆ε between the quasienergy of the adiabatically moving Flo-
quet state and its nearest (full line) or next-to-nearest neigh-
bor (dashed) during the pulse. Lower panel: population of the
instantaneous Floquet state that is the nearest (full line) or
next-to-nearest neighbor (dashed) of the adiabatically moving
state, as determined by quasienergy difference. Note that there
are seven, not five, Landau-Zener-like overshootings, as corre-
sponding to the precise variation of ∆ε. Note further that the
overall population loss is induced only at the end of the pulse.

constant during the pulse. In Figure 12 we encode this dif-
ference in terms of shades of grey; black areas correspond
to near-degeneracies that are to be circumvented. Based
on this plot, we choose the pulse as indicated by the heavy
line, corresponding to a cosine frequency chirp (66) and
an envelope parametrized (somewhat arbitrarily) as

F (t) =

F0

(
1−

at

Tpulse

)
4

π2
arctan2

(
3π2

2

t

Tpulse

[
1−

t

Tpulse

])
(71)

for 0 ≤ t ≤ Tpulse. We take an asymmetry parameter
a = 0.7 and set F0 = 0.01 a.u., ωc/ω0 = 0.880, and
∆ω/ω0 = 0.109, so that the frequency is chirped from
ωi/ω0 = 0.989 = 1.031 (E1 − E0)/(~ω0) to ωf/ω0 =
0.771 = 0.976 (E5 − E4)/(~ω0), cf. Figure 11. The up-
per panel of Figure 13 then shows the population of the
bare Morse eigenstates during such a pulse with length
Tpulse = 200 (2π/ωc); the climbing of the vibrational lad-
der from |0〉 to |5〉 is quite apparent. However, the prob-
ability of a transition from the adiabatically moving Flo-
quet state to its nearest neighbor, depicted in the lower
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Fig. 14. Total population loss (72) after sequential transfer
from the vibrational ground state |0〉 to the target state |5〉, in-
duced by chirped pulses (66, 71) with the path indicated in Fig-
ure 12. Apart from the variation of the pulse length Tpulse, all
parameters are the same as in Figure 13. For Tpulse > 2500Tc
the oscillations are not fully resolved.

panel, shows that the naively assumed mechanism – the
adiabatic passage through five avoided crossings, corre-
sponding to five single-photon resonances – does not quite
match the reality. There are seven, not five, Landau-Zener-
like overshootings, corresponding to fine details of the be-
havior of ∆ε during the pulse (middle panel). The most
interesting detail revealed by the lower panel is that the
overall population loss one is left with after the pulse,
about 12%, is born only on the very final stage of the
pulse. Steering the pulse’s path finally between the reso-
nances ω = (E5−E4)/~ and ω = (E6−E5)/~ (cf. Fig. 12)
requires particular care, since here the quasienergy dis-
tances to the next and next-to-nearest neighbors neces-
sarily become quite small. Reduction of the non-adiabatic
loss thus requires optimization of the pulse especially at
its very end.

For practical purposes, one of the most important is-
sues is the dependence of the transfer efficiency on the
duration of the pulse. This is studied in Figure 14, again
for the sequential transfer from |0〉 to |5〉 and pulses with
the same path (66, 71) as before, for pulse durations up to
50 000Tc (for orientation: 1000Tc correspond to 9.16 pi-
coseconds). As seen in the inset, the total population loss

L =
∑
n6=5

|an(Tpulse)|
2, (72)

i.e., the final population of all vibrational states other
than the target state n = 5, decreases exponentially with
Tpulse as long as Tpulse < 1000Tc; we find L < 1% for
Tpulse > 500Tc. This exponential decrease is to be ex-
pected if the loss is dominated by a single Landau-Zener-
type transition. However, for substantially longer pulses
the loss increases with Tpulse. This increase can be traced
to a number of high-order multiphoton resonances which
give rise to tiny anticrossings with the quasienergy of
the transfer state. As long as the pulse is not too long,
these anticrossings are traversed practically diabatically,
and therefore do not make themselves felt. For longer
pulses, however, their Landau-Zener probabilities become
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Fig. 15. Greyscale plot visualizing the quasienergy difference
∆ε between the adiabatic state and its nearest neighbor (cor-
responding to the full line in the middle panel of Fig. 16) for
the five-photon resonance connecting the bare Morse eigen-
states |0〉 and |5〉 (cf. Fig. 11). The black area marks the near-
degeneracy; the heavy line is the path traversed by the pulse
discussed in Figure 16.

minutely less than unity, thus directing small portions of
population into unwanted channels [33]. Hence, there is an
optimal pulse length that minimizes the population loss;
in the present example, it is about 6000Tc.

As an alternative to the use of successive single-photon
resonances, one may also chirp the frequency around a
five-photon resonance in order to achieve the transition
from |0〉 to |5〉 in a single step. This means exploiting the
(anti-)crossing of the lines labeled by n = 0 and n = 5 in
Figure 11, so that the total frequency chirp 2∆ω has to
be much smaller than in the previous case. However, there
is a trade-off: the greyscale plot of the quasienergy differ-
ence between the adiabatic state and its nearest neigh-
bor displayed in Figure 15 indicates that in order to cir-
cumvent the devastating near-degeneracy we now need
pulse amplitudes that are about 4 times higher than the
previous one. Choosing a simple sin2-envelope (40) with
Fmax = 0.02 a.u., and a cosine chirp (66) with central
frequency ωc = (E5 − E0)/(5~) exactly on five-photon
resonance, ∆ω/ωc = 0.0121, and Tpulse = 200 (2π/ωc),
we obtain the flow of population displayed in Figure 16.
In comparison with its counterpart in Figure 13, the bare
state basis now provides hardly any information about
the underlying mechanism, since the strong-field Floquet
states differ substantially from the unperturbed eigen-
states. In contrast, the projection to the adiabatic basis
again reveals peaks corresponding to Landau-Zener dy-
namics, resulting from the close approaches of neighbor-
ing quasienergies shown in the middle panel. Interestingly,
there are two such peaks, instead of the naively expected
one. As opposed to the sequential mechanism considered
before, a similar population transfer can also be induced
by chirping the frequency from red to blue over the mul-
tiphoton resonance (that is, by changing the sign of ∆ω),
since one now has effectively two-level dynamics.
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Fig. 16. Population transfer induced by the pulse indicated
in Figure 15, for Tpulse = 200 (2π/ωc). Upper panel: popu-
lation of the bare Morse eigenstates. Middle panel: difference
∆ε between the quasienergy of the adiabatically moving Flo-
quet state and its nearest (full line) or next-to-nearest neigh-
bor (dashed) during the pulse. Lower panel: population of the
instantaneous Floquet state that is the nearest (full line) or
next-to-nearest neighbor (dashed) of the adiabatically moving
state, as determined by quasienergy difference.

6 An application to the STIRAP process

The key principle behind population transfer by frequency
chirping is to provide a quasienergy level continuously con-
necting the initial and the target state, as exemplified in
Figure 10. The same idea can also be realized in a different
manner, namely, by exposing the system H0 to two laser
pulses with different, but fixed carrier frequencies ω1 and
ω2. Instead of the Hamiltonian (1) one then has

H(t) = H0 + µ̂F1(t) sin(ω1t) + µ̂F2(t) sin(ω2t+ ϑ), (73)

where ϑ is a phase. If ω1 and ω2 are not rationally re-
lated, so that H(t) becomes quasiperiodic when the am-
plitudes F1 and F2 are kept fixed, one obtains instanta-
neous quasienergies in the following way: instead of the
Schrödinger wave function |ψ(t)〉, consider a new func-
tion |Ψ(t1, t2)〉 with |Ψ(t, t)〉 = |ψ(t)〉. Then the fixed-
amplitude Schrödinger equation becomes

(H(t1, t2)− i~∂t1 − i~∂t2) |Ψ(t1, t2)〉 = 0, (74)

where the operator

H(t1, t2) = H0 + µ̂F1 sin(ω1t1) + µ̂F2 sin(ω2t2 + ϑ) (75)

is periodic in both t1 and t2. Hence, the Floquet theorem
now suggests solutions of the form

|Ψ(t1, t2)〉 = |u(t1, t2)〉 exp(−iε1t1/~− iε2t2/~) (76)

with doubly periodic functions

|u(t1, t2)〉 = |u(t1 + T1, t2)〉 = |u(t1, t2 + T2)〉 (77)

for Tk = 2π/ωk, k = 1, 2. Setting t1 = t2 = t, this gives
Schrödinger wave functions

|ψ(t)〉 = |u(t, t)〉 exp(−iεt/~) (78)

with two-color quasienergies ε = ε1 + ε2 and quasiperi-
odic functions |u(t, t)〉. These states (78) now take over
the role of the Floquet states [34]. Proceeding as in Sec-
tion 2, one can then formulate an adiabatic principle that
dictates their response to changes of the amplitudes F1

and F2: as in the case of monochromatic driving, the wave
functions evolve on “quasienergy surfaces” ε(F1,F2) in a
Born-Oppenheimer-like fashion, with deviations from the
ideal adiabatic behavior that can be calculated system-
atically by invoking a suitably extended Hilbert space.
There is, however, a mathematical subtlety: the two-color
quasienergies ε are defined mod ~ω1 and mod ~ω2, so
that even an N -level system H0 gives rise to a
dense point spectrum already for vanishing amplitudes.
Physically speaking, the resulting abundance of near-
degeneracies counteracts adiabatic motion [33], so that
substantially more care is needed than in the single-
frequency case [35].

A paradigmatic example for population transfer
steered by two laser pulses is provided by the STIRAP
(“STImulated Raman Adiabatic Passage”) mechanism for
a three-level Λ-system, in which the initial bare state |1〉 is
connected to the target state |3〉 only via an intermediate
state |2〉 [36–40]. Subjecting this system first to a Stokes
laser pulse that couples the initially unoccupied states |2〉
and |3〉, and then to a pump laser pulse coupling the ini-
tial state |1〉 with |2〉, one gets almost complete popula-
tion transfer from |1〉 to |3〉, provided both pulses have a
sufficient overlap in time. Within the rotating wave ap-
proximation, this effect finds a transparent explanation:
there exists a dressed state (an approximate two-color Flo-
quet state) that adiabatically connects |1〉 and 3〉, and fir-
ing first the Stokes pulse, then the pump pulse amounts
to adiabatically shifting the initial to the target state
[41–43]. However, the use of the rotating wave approxi-
mation in conjunction with adiabatic analysis might not
be uncritical, since that approximation implicitly assumes
high frequencies, so that the pulses should consist of many
optical cycles, which is not necessarily the case.

In this section, we show that the STIRAP principle can
be extended to more complex situations even without in-
voking the rotating wave approximation. The proper way
to avoid this approximation is to work with two-color Flo-
quet states [40]; the efficiency of the population transfer
in a multilevel system can then be analyzed with tools
similar to those developed in Section 3.

We consider again the HF -Morse oscillator (67) of the
preceding section, and demonstrate STIRAP-like popu-
lation transfer from the initial vibrational ground state
|0〉 to the sixth excited state |6〉 by means of two three-
photon resonances: the first pulse has the frequency
ω1 = (E6 − E3)/(3~); the frequency of the second is
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Fig. 17. Instantaneous two-color quasienergies for the HF -
Morse oscillator driven by two partially overlapping sin2-
shaped laser pulses of the same length Tpulse, with frequencies
ω1 = (E6−E3)/(3~), ω2 = (E3−E0)/(3~), and maximum am-
plitudes Fmax,1 = 0.006 a.u., Fmax,2 = 0.009 a.u. The moments
of maximum intensity are separated by ∆t/Tpulse = 0.34. The
quasienergy that permits adiabatic population transfer from
the bare Morse eigenstate |0〉 to |6〉 is drawn as the heavy line.
The total interaction time is Tint = Tpulse + ∆t. (The tiny
wiggles shown by some of the quasienergies are numerical ar-
tifacts.)

ω2 = (E3 −E0)/(3~); they are applied in the usual coun-
terintuitive order. Both pulses have a sin2-envelope, and
the same length Tpulse, with separation ∆t between the
moments of maximum intensity. The maximum strength
of the first pulse is Fmax,1 = 0.006 a.u., that of the second
is Fmax,2 = 0.009 a.u.; the pulse separation is chosen as
∆t/Tpulse = 0.34.

Figure 17 shows the most relevant instantaneous quasi-
energies for this configuration. Because of the particular
nature of the unperturbed Morse spectrum (68), and tak-
ing into account the mod ~ω1–mod ~ω2-structure of the
quasienergy spectrum, initially and finally all quasiener-
gies adopt one of two values that are separated by
~2ω2

0/(2D). This multiple degeneracy is removed when
the field amplitudes take on non-zero values, and adia-
batic transfer from |0〉 to |6〉 is made possible because a
representative of the quasienergy originating from E0, in-
dicated by the heavy line, is continuously connected to
E6. Within the usual rotating wave-approach to the STI-
RAP mechanism in a three-level system, the transfer state
is a “dark state”, implying that its quasienergy does not
depend on the field amplitudes [41]. This changes when
the counterrotating components of the fields are taken
into account [40]; also in the present multilevel case the
quasienergy of the transfer state exhibits a pronounced
amplitude-dependence.

The efficiency of this STIRAP process as function of
the interaction time Tint = Tpulse + ∆t, for fixed sepa-
ration ratio ∆t/Tpulse, is depicted in Figure 18; the to-
tal population loss is reduced below 1% for interaction
times longer than about 2 750 (2π/ω0) ≈ 22 picoseconds.
The population loss shows the familiar exponential de-
crease as long as Tint remains below 50 picoseconds, but
then vanishes about proportionally to T−4

int . This break-
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Fig. 18. Total population loss L =
∑
n6=6 |a(Tint)|2 (full line)

for the STIRAP configuration described in Figure 17. For in-
teraction times Tint less than 50 picoseconds the loss is well
described by an exponential decrease, whereas for longer pulses
the loss decreases approximately as T−4

int , as indicated by the
dashed lines.

down of the exponential behavior should be contrasted
with the breakdown of the Dykhne-Davis-Pechukas for-
mula [18] that has recently been discussed for STIRAP
systems [42,43]. The latter stems from the initial and fi-
nal degeneracy of the quasienergies and emerges even for
perfectly smooth pulse envelopes [27], whereas the present
T−4
int -decay can be traced to the roughness of our sin2-

envelopes. This roughness results, in the language of Sec-
tion 4, in a non-adiabatic population loss proportional to
(η2)2 = η4, with the dimensionless adiabaticity parame-
ter η being proportional to the inverse pulse length.

7 Discussion

The set of the instantaneous Floquet states provides
the adiabatic basis for laser-pulsed N -level quantum sys-
tems (1). The investigation of the interaction with short
laser pulses, however, necessitates to leave the adiabatic
limit and to estimate transition probabilities. This has
been achieved in Section 3 by applying perturbation the-
ory to the Floquet states, after going from the original
time-dependent Schrödinger equation (3) to the evolution
equation (21) in the extended Hilbert space. From a tech-
nical viewpoint, this equation exploits the separation of
the “fast” time scale T = 2π/ω and the “slow” time scale
characterizing the change of the pulse’s envelope or fre-
quency [5,6]. The use of the laser phase φ in this equa-
tion (21), instead of the time t, is mandatory when the
frequency ω(t) is not constant during the pulse: this is
what then allows us to formulate the adiabatic principle
for Floquet states in close analogy to its counterpart for
adiabatically moving energy eigenstates.

When working in the extended Hilbert space, one
can apply standard perturbational techniques; the Fourier
modes of a Floquet state are treated like individual states.
Although the process of lifting to the extended space is
not unique, one always arrives at unique expressions for
non-adiabatic transition probabilities, since the ambigu-
ity is removed upon projecting back to the physical space.
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This back-projection also reveals a peculiarity of laser-
pulsed systems: the occupation probabilities of the instan-
taneous Floquet states exhibit oscillations that result from
the interference of several modes, as expressed by equa-
tion (38). It should be emphasized that adiabatic Floquet
state perturbation theory, set up in the way described
above, cures a shortcoming of the often employed rotating
wave approximation. That approximation requires high
laser frequencies, and thus presupposes that many laser
cycles fall into an interval during which the pulse parame-
ters change significantly, which is at odds with short pulse
durations.

The adiabatic basis, adapted to hypothetical pulses
with “infinitely slowly” changing parameters, is not satis-
factory for monitoring the transition dynamics induced
by short pulses. As seen in Figure 8, in the vicinity of a
multiphoton resonance there is a temporary excursion of
population away from the adiabatic state; the temporary
population loss can exceed the actual final non-adiabatic
loss by orders of magnitude. In contrast, the use of su-
peradiabatic Floquet bases eliminates such spurious ex-
cursions and allows one to keep track of the actual losses.
Again working in the extended Hilbert space, these su-
peradiabatic bases have been constructed in Section 4 by
transferring Berry’s ideas [26] to laser-pulsed systems (1).

Even if one is not interested in the fine details of quan-
tum transition dynamics, but merely wishes to design laser
pulses that effectuate population transfer from an ini-
tial state to some target state, the Floquet picture yields
robust pulse strategies, and physical understanding, by
merely inspecting the instantaneous quasienergy spectra,
without the need to invoke sophisticated optimization rou-
tines. This has been demonstrated in Section 5 by setting
up two chirped pulses for a Morse ladder system, obeying
the rule to circumvent quasienergetic near-degeneracies.
The final example considered in Section 6, a STIRAP-
like multiphoton process in a multilevel system, indicates
how the investigation of adiabatic Floquet dynamics has
to proceed in the two-color case, including the discussion
of non-adiabatic losses.
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